We investigate the functions spaces on R n for which the generalized partial derivatives D rk k f exist and belong to different Lorentz spaces Λ pk ,sk w , where p k > 1 and w is nonincreasing and satisfies some special conditions. For the functions in these weighted Sobolev-Lorentz spaces, the estimates of the Besov type norms are found. The methods used in the paper are based on some estimates of nonincreasing rearrangements and the application of B p , B p,∞ weights.
Introduction
In this paper we study functions f on R n which possess the generalized partial derivatives
Our main goal is to obtain some norm estimates for the differences Sobolev proved this inequality in 1938 for p > 1. His method, based on integral representations, did not work in the case p 1. Only at the end of fifties Gagliardo and Nirenberg gave simple proofs of inequality 1.3 for all 1 ≤ p < n. Inequality 1.3 has been generalized in various directions see 1-6 for details . It was proved that the left hand side in 1.3 can be replaced by the stronger Lorentz norm, that is, there holds the inequality
For p > 1 the result follows by interpolation see 7, 8 . In the case p 1 some geometric inequalities were applied to prove 1.4 see 9-13 . The sharp estimates of the norms of differences for the functions in Sobolev spaces have firstly been proved by Besov Actually, this means that there holds the continuous embedding to the Besov space
It is easy to see that inequality 1.5 fails to hold for p n 1, but, it was proved in 14 that 1.5 is true for p 1 and n ≥ 2. The generalization of the inequality 1.5 to the spaces W r 1 ,...,r n p was given in 12 . That is
where 0 < 1/p − 1/q < r/n, r n n i 1 r 
1.10
Now we state the main theorem in 15 . 
take arbitrary q j > p j such that
and denote
then for any function f ∈ S 0 R n which has the weak derivatives
, n there holds the inequality
where C is a constant that does not depend on f.
In many cases, the Lorentz space should be substituted by more general space, the weighted Lorentz space. In this paper, we will generalize the above result when the weighted Lorentz spaces Λ p k ,s k w take place of L p k ,s k , where w is a weight on R which satisfies some special conditions. 
Auxiliary Proposition
Let M X, μ be the class of all measurable and almost everywhere finite functions on X. For f ∈ M X, μ , a nonincreasing rearrangement of f is a nonincreasing function f * on R ≡ 0, ∞ , that is, equimeasurable with |f|. The rearrangement f * can be defined by the equality
where
If X R n , μ E |E|, then the following relation holds 16, Chapter 2 :
We also let In following part of this paper, we will always denote W t t 0 w s ds. The weighted Lorentz spaces have close connection with weights of B p , B p,∞ for 0 < p < ∞ see 9, Chapter 1 . Let A be the Hardy operator as follows:
The space L p dec is the cone of all nonnegative nonincreasing functions in
is bounded and denote
is bounded.
Lemma 2.1 Generalized Hardy's inequalities . Let ψ be nonnegative, measurable on 0, ∞ and suppose −∞ < λ < 1, 1 ≤ q ≤ ∞, and w is a weight in R , W ∞ ∞, then one has
(with the obvious modification if q ∞).
Proof. It is easy to obtain this result applying Hardy's inequality 16 .
Lemma 2.2.
Let ψ ∈ Λ p,s w 1 ≤ p, s < ∞ be a nonnegative nonincreasing function on R , w be a nonincreasing weight on R and there exists A > 0, such that
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Then for δ > 0 there exists a continuously differentiable φ on R such that
where C is a constant depends only on p, δ, and A.
Proof. Without loss of generality, we may suppose that δ < 1/p. Set
Then φ 1 t W t 1/p−δ decreases and
2.17
Using the conditions which w satisfy, it gives
Furthermore, noticing w is nonincreasing and applying Lemma 2.1, we get that
Then φ t W t 1/p δ increases on R , and 
2.23
Then γ k > 0 and
To prove our main results we use the estimates of the rearrangement of a given function in term of its derivatives D r k k f k 1, . . . , n . We will use the notations 2.23 . 
2.25
Let 
2.37
So we immediately get 2.34 . 
2.40
So v ∈ B s 0 .
, n. Assume that weight w on R satisfies the following conditions:
i it is nonincreasing, continuous, and
2.42
Assume that a locally integrable function f ∈ S 0 R n has weak derivatives D
where r max r k , the constants K depends only on r 1 , . . . , r n , w, and
2.44
Proof. For every fixed k 1, . . . , n we take
2.45
Thanks to Lemma 2.5, and w ∈ B 1,∞ for w is nonincreasing , we know
Thus
2.47
Next we apply Lemma 2.2 with δ defined as in Lemma 2.3. In this way we obtain the functions which we denote by φ k t k 1, . . . , n . Further, with these functions φ k t we define the function σ t by 2.28 . By Lemma 2.3, we have the inequality 2.44 . Using Lemma 2.4 with τ ξt, we obtain
where n k 1 λ k t ≥ W t n−1 . Taking into account 2.28 , we get 2.43 .
. . , n, and r, p, s be the numbers defined by 2.42 . Assume weight w on R satisfies the following conditions:
ii there exist two constants η, β with β < 1 such that
and there holds q ≡ sup η; ∃β < 1, 2.49 holds > 1.
2.50
2.51
Let p 0 < q < q and
2.52
Then f ∈ Λ q,θ w and
2.53
Proof. Let f g h, with g ∈ Λ 1 w and h ∈ Λ p 0 w . Applying Hölder's inequality and noticing W ∞ ∞ and w is nonincreasing, we obtain
2.54
So
2.55
Let 0 < δ < 1. Using 2.43 with ξ > 1, which satisfies C 1 K θ ξ β−1 ≤ 1/2 C 1 , β are two constants in 2.49 for η q , combining 2.49 , 2.52 , and Hölder's inequality, we get 
where 0 ≤ α < 1.
For weight w in i or ii , it is easy to see the weighted Lorentz space Λ p,q w for 0 < p, q < ∞ does not coincide with any Lorentz space L r,s . 
The Main Theorem
Theorem 3.1. Let n ≥ 2, r k ∈ N, 1 < p k < ∞, 1 ≤ s k < ∞ for k 1,
3.39
Using Minkowsi's inequality, we obtain 
3.40

